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KEITH M. ROGERS AND ANDREAS SEEGER 

Abstract. For a > 1 we consider the initial value problem for the dispersive equation 
idtu + (-A)"/2y = 0. We prove an endpoint U" inequality for the maximal function 
supjg[o,i] *)l with initial values in L*'-Sobolev spaces, for p G (2 + 4/(d + 1), oo). This 
strengthens the fixed time estimates due to Fefferman and Stein, and Miyachi. As an 
essential tool we establish sharp U' space-time estimates (local in time) for the same 
range of p. 



1. Introduction 

For a > 1 we consider estimates for solutions to the initial value problem 

+ (-A)°/2^i = 



sup ||t^r/||ip(Kd) ^ C'/,p,a||/llL^(Rd), ~ = ^ 



«(-,0) = /. 

The case a = 2 corresponds to the Schrodinger equation. We will not consider q = 1 which 
corresponds to the wave equation and exhibits different mathematical features. 

When / is a Schwartz function, the solution can be written as u{x,t) = U^'f{x), where 

(1.1) = e**i«i7(e) 

with /(^) = f f{y)e~^^y'^'^dy as the definition of the Fourier transform. The sharp endpoint 
-L^-Sobolev bounds for fixed t are due to Fefferman and Stein [IlJ and Miyachi [15]. Their 
result states that for any compact time interval / and any p S (l,oo), 

1 1 

this is sharp with respect to the regularity index f3 and can also be deduced from certain 
endpoint versions of the Hormander multiplier theorem ( , [19] ) . 
We strengthen the fixed time estimates as follows. 

Theorem 1.1. Let p G (2 + -^j^, oo) and a > 1. Then, for any compact time interval I, 

f) /I 1^ 

(1-2) ||sup|[/f/| ^ C/,p,a||/||LP(Md), - = d[2- 

This implies pointwise convergence results; indeed we shall prove a little more, namely 
if X £ C'^(IK) then the function t ^ x{'t)Ut' f {x) belongs to the Besov space i(IK)) for 

almost every x S M'^. In particular these functions are continuous (for almost every x) and 
therefore this implies almost everywhere convergence to the initial datum as t — > 0. 



2000 Mathematics Subject Classification. 42B15, 35B65. 

Key words and phrases. Schrodinger equation, dispersive equations, pointwise convergence, maximal 
functions, smoothing, space time regularity. 

The first author was supported by MEG project MTM2007-60952 and UAM-CM project GCG07- 
UAM/ESP-1664. The second author was supported in part by NSF grant DMS 0652890. 

1 



2 



KEITH M. ROGERS AND ANDREAS SEEGER 



Our maximal function result is closely related to certain space-time estimates which 
improve the regularity index. The first such bounds are due to Constantin and Saut [7], 
Sjolin [21], and Vega |27j who showed that better LP' regularity properties hold locally when 
a G (l,oo); namely, if / G L?_^^_^y^i^'^) then u G Lf^^i^'^^^). However, it is not possible 

to replace the L^-norms over compact sets by L^-norms which are global in space. This is 
known as the local smoothing phenomenon. For functions in L^-Sobolev spaces the various 
local and global problems for smoothing and for maximal operators have received a lot of 
attention, starting with [4j. We do not have a contribution to the L^-Sobolev problems but 
rather consider corresponding questions with initial data in L^-Sobolev spaces for p > 2, 
with p not close to 2. 

In [17] the first author considered regularity estimates which are global in space but 
involve an integration over a compact time interval /, 

(1-3) {jwH^dif'^^cmL^^m- 

This question was motivated by the similar (although deeper) question for the wave equation 
(c/. [22], [21]). In [17], it was proven that holds for a = 2 when p> 2 + 4/(d + 1) 
with (3/2 > d{l/2 — 1/p) — 1/p. We remark that smoothing results of this type could also 
be deduced from square-function estimates related to Bochner-Riesz multipliers such as in 
[2], [6], [H] and [H] however these arguments do not apply when d = 1, and in dimensions 
2 they are currently limited to the smaller range p > 2 + 4/d. 
The smoothing result in [17] was obtained from an estimate for the adjoint 

Fourier restriction (or 'extension') operator associated to the paraboloid, and the range 
p> 2 + corresponds to the known range of L'^ — > LP bounds for the extension operator; 
see |9], |12j and [29] for the sharp bounds when d = 1, and [24j for the best known partial 
results for d ^ 2. The reduction in [17| to the extension estimate used the explicit formula 

^*"'^<^' = (4^)37^ J e-"-'>''"miy 

together with a 'completing of the square' trick; see |3| for a similar argument. Unfortu- 
nately this reasoning is not available when a ^2. 

We generalize to all a > 1, and establish the endpoint regularity result. 

Theorem 1.2. Let p G (2 + oo) and a > 1. Then, for any compact time interval L, 

( / wtmdty^" ^ f = <^ - ^) - 1- 

In Theorem 14. II below we formulate a slightly improved version of this result which can 
also be used to prove Theorem II. li We remark that for d = 1 our arguments also give the 
analogous results for the range < a < 1. 

We mention an application in one spatial dimension where we obtain sharp estimates for 
the initial value problem for the Airy equation 

(1.4) ut + u^xx = 0. 

For / := u{-,0) a Schwartz function, we can write u{-,t) = UfP+f + U^tP-f, where P+ and 
P_ are the projection operators with Fourier multipliers X(o,oo) X{-oo,o)) respectively. 
Thus, for initial values in Lj^ the solution of p.4|) satisfies the sharp bound 

3(p - 4) 

\W\\lp{Rx[-t,t]) ^ Ct\\u{-,0)\\lp^(^^), P= — , 4<p<oo, 
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and if u{-,0) G Lf (M) for any e > with 2 < p ^ 4, then u G LP(M x [-T, T]). 

The proofs will be based on the bilinear adjoint restriction theorem for elliptic surfaces 
due to Tao [2l]. In ^ having discussed the necessary conditions in ^ we combine Tao's 
theorem with a variation of a localization technique employed in pD] to prove estimates 
for some oscillatory integrals with elliptic phases; this yields the smoothing estimate for 
functions which are frequency supported in an annulus. In 21 we extend to the general case 
by decomposing the Fefferman-Stein sharp function; here we use a variant of an argument 
in m. 



Notation. Throughout, c and C will denote positive constants that may depend on the 
dimensions, exponents or indices of the Sobolev spaces, or the parameter a, but never on 
the functions. Such constants are called admissible and their values may change from line to 
line. We shall mostly use the notation A < B il A ^ CB for an admissible constant C . We 
may sometimes indicate the dependence on a specific parameter c by using the notation <c- 
We write A ^ B \i A < B &nd B < A. 

2. Necessary conditions 

Let be a nonnegative and smooth function supported in {2^^ < |^| < 2} and equal 
to 1 in {2~^/^ < 1^1 < 2^/^}. For large A, we consider initial data f\ defined by /a(C) = 
g-«l?l"g(_\-i^) and note that, by a change of variables. 



Thus I /a (2:) I ^ X^^~ , by the method of stationary phase (keeping in mind that a 7^ 1). On 
the other hand, when |x| ^ A"~^, by repeated integration by parts, there exists constants 
Cm such that |/A(a;)| ^ CAr(|3;|A^~")~^ for all G N. Combining the two bounds, we see 
that 



fAllLP(IRd) ~ ^^\\f\\\Lv{Rd) ^ A 2 



Next we consider C/"/a and compute 

so when \x\ ^ (10A)~^ and |t — 1| ^ (10A")~^, we have |C/"/a(x)| ^ cX^ for some positive 
constant c. Thus, 

WurfxWldt) ^c\^-—. 

'l-(10A«)-i ' 

Comparing this with the upper bound for ||/A||L^'(Rd^, and letting A ^ 00, we see that 



/3/a ^ d(l/2 — — 1/p is a necessary condition for (II. 3p to hold when a^\. 

Note that alternatively one can argue that by Sobolev embedding any improvement in 
the smoothing would give a better fixed time estimate than the sharp known bounds in 
[TT] . [T5] . which is impossible. 

The range p > 2 + 4/((i + 1) for the smoothing estimate in Theorem 11.21 is sharp for 
d = 1, and for d ^ 2 it is conceivable that it holds for p > 2 + 2/(i, see [17j . 

For Theorem 11.11 however our range may not be sharp even in one dimension. We can 
say that the maximal estimate (jl.2p cannot hold when p < 2 + l/d. This follows from the 
necessary condition /3/a ^ l/2p which we now show, modifying a calculation in [8]. 
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Let X be a nonnegative and smooth function supported in (— e, e) where e wiU be small 
depending only on a. Let ei = (1, 0, . . . , 0) and define 

Then immediately 



"/3 



Now 



where (j)x{x, t, h) = tA"| — ei + /i/A|" + (x, — Aei + /i). A Taylor expansion gives for \h\ <^ A 

(l)x{x, t, h) = tA" - xiX +{x- toA"-^ei, h) + 0{X^-'^h^) 

where the implicit constants in the error term depend on a. The error term in the phase 
is <C 1 on the support of the cutoff function (provided that e is sufficiently small). 

Let < c <C a and let R be the rectangle where ^ xi ^ cA"~^, and |xj| ^ 
ior i = 2, . . . ,d. We define t{x) = a~^A^~"xi for x ^ R so that t{x) S [0, 1] for x £ R, 
and for x ^ R we may choose any (measurable) t{x) G [0, 1]. Then for x G i?, we have 
\U^^^.^gx{x)\ ^ coA-'='("-2)/2 and thus 

a-l I (a-2)(d-l) (a-2)d 

II sup if/r5Ai||^^r,^.)^Aiip>A— —. 



Q<t<l 



Comparing with the upper bound for H^aIIl^ leads to the condition l3/a ^ l/2p. 

3. LP ESTIMATES FOR OSCILLATORY INTEGRALS WITH ELLIPTIC PHASES 

In the sequel, we will rescale inequalities for [/" when acting on functions with compact 
frequency support. This process will give rise to the operator S defined by 

(3.1) sf{x,t) = 5^/(x,t) = j^l x{iy"^^^^my^'''^^di 

where % G C^{U) and is elliptic; here a C°° function (j) on an open set U in M.'^ is called 
elliptic if for every ^ gU the Hessian (j)" is positive definite. 

We ask for LP{R'^) LP(M'^ x [0,A]) bounds for S. Note that for |t| ^ 1 and x e 
the function xe**"^ is a Fourier multiplier of L^, 1 ^ p ^ oo, and consequently the question 
is only nontrivial for large A. 

Proposition 3.1. Let p > 2 + -^^r X £ d^{U), and let (f> be an elliptic phase on lA. Then 

l|5/llL.(R^x[-A,A])<A^(^/^-l/^)||/||i.( - 



The key ingredient will be Tao's bilinear estimate for the adjoint restriction operator 
which applies to phases which are small perturbations of |^P/2. We need to formulate 
more specific assumptions on the phases allowed and follow [25]. Let N ^ lOd. We say 
(j) : [-2,2]'^ ^ M is a phase of the class ^{N,A) if |9x;</>(x)| ^ A for all x G [-2,2]'^ and 
all \aj\ ^ N, where j = 1, . . . ,d. To add an ellipticity condition we say that (j) is of class 



MAXIMAL AND SMOOTHING ESTIMATES FOR SCHRODINGER EQUATIONS 



5 



^ea{^,N,A) if 0(0) = V0(O) = 0, and if for all x G [-2,2]'^ the eigenvalues of the Hessian 
(f)"{x) lie in [1 -e, 1 + e]. 

We define the adjoint restriction operator S = S'^ hj 

7[-2,2]d 

so that Sf = {27r)~^£f, where U = (—2,2)''. Now Tao's theorem can be stated as follows. 
Suppose p > 2 + Then there exists an N (depending on d and p) and for ^ ^ 1 there 
exists s = £{A,N,d,p) > so that the following holds for 4> € ^{e,N,A): For all pairs of 
functions hi, h2 so that dist(supp (/ii),supp (/i2)) ^ c > the inequality 

(3.2) ||^/ll^/l2||p/2~c||/ll||2||/i2||2, ^^>2+J^, 

holds. In what follows we fix N, A and e for which Tao's theorem applies. The constants 
may all depend on these parameters. 

Lemma 3.2. Let p > 2 + -^j^, let Bi, B2 C [—1, l]'^ he halls so that dist(i?i, B2) ^ c, and 
let (j) G $eii(£) A)- Then for f , g with supp / C Bi, supp / C B2, 

Proof. Let Cq = 10(l+max^g[_2 2]^ |V0(.^)|), and let ?7i,r/2 G be supported in (-2,2)'=' so 
that ??i(^) = 1 on i?i and 772(^2) = 1 on B2. Moreover assume that 771 and 772 ai'c supported 
on slightly larger concentric balls Bi, B2 with the property that dist(i?i, i?2) ^ c/2. We 
also set 

Pif = J'-\mfi i = i,2. 

Let Ki = J^~^[e'^'^riix], for i = 1,2, so that 

Sifix,t) ■.= SPif{x,t) = Ki*fix). 
Then Sf Sg = Sif S2g. We first note that for all t e [-A, A] 

(3.3) \Ki{x)\ < \x\-^, if |a;| ^ CqX 

This follows by a straightforward A^-fold integration by parts, which uses the inequality 
|V^((x,0 +t'^(0)l ^ 1-^^1/2 if > CoX, \t\ ^ A. 

Now let Q(A) be a tiling of M'' by cubes of sidelength A, and for each Q G Q(A) let Q* 
denote the enlarged cube with sidelength 2CoA, with the same center as Q. For each cube 
we split each function into a part supported in and a part supported in its complement. 
Thus we can write 
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where 



Yl ll^l[-^^Q*]^2bXRd\Qj||^(,52(Q>,[o,A])' 

QeQ(A) 

^^^= Yl ll'^l[-^^R'*\Qj'S'2bXQj||ip/2(Qx[0,A])' 
QGS(A) 



- Y ll'^l[-^^R''\Q*]'^2[5XRd\Qj||^i/2(Qx[0,A])- 



QeS(A) 

The first term gives the main contribution and is estimated using Tao's theorem, i.e. (|3.2p . 
One obtains, 

1^1 ^ Y \\SPi[fXQASP2[gxQML'HR^.u) SEll^i[/^Q-]|lf ll^^bXQJllf 

OGQ(A) Q 

Q Q Q 

By Holder's inequahty, 

Q Q 

and we have the same estimate for g. Thus /^^^ <c ■^'^^^"^^^^ II/IIpIIs'IIp which is the desired 
bound for the main term. 

The corresponding estimates for //, ///, IV are straightforward as we use (13. 3p for the 
terms supported in M*^ \ Q*. We examine // and begin with 

l-^^l ^ Y P^^f^QM^LP{Qx[oJ^'^^9XRd\QM^LP{Qx[0,X]) 

QeS(A) 

(3.4) ^ ( Y P-^if^QMlpiQxlOA])) ^ ( Y ll'^2bXRd\Qj||^p(Qx[0,A])) ^ • 

QGQ{A) QeQ{A) 

We use the trivial bound t)||p < (1 + |t|)'^||/||p for / replaced with fxQ*^ so that the 

first factor in ([33]) is bounded by (CA'^+i/||p)P/2. By 1^ we get 



Y 11^2 



2LyXRd\Qj||ip(Qx[0,A]) 

<3eQ(A) 



i/p 



< 



^ J-X JxeRd ^J\z\'^x J ^ 

Hence |//|2/p <c A2('^+i)-^||/||p||g(||p. As iV ^ lOd this estimate is negligible. Because 
of symmetry III is estimated by the same term. For the estimation of IV we proceed 
in the same way but use (j3.3p for both terms, the result is the (again negligible) bound 

\IV\VP<\^i'^+^-N)\\fUg\\p. □ 

We now formulate an analogous result for functions with smaller frequency support and 
smaller separation. 
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Lemma 3.3. Let p > 2 + and A^/^ ^ 2^ ^ 1. Let Qi, Q2 C [-1, 1]"' be cubes of side 
2^X-^/^, so that dist(Qi,(32) ^ c2-'A-V2 and let e ^cii{s,N,A). Then for all f and g 
such that supp / C Qi, supp f C Q2, 

Proof. By finite partitions and the triangle inequality, we may suppose that Qi and Q2 are 
balls of radius 2^ X^^^"^. We reduce matters to the statement in Lemma 13.21 by scaling. Let 
^0 be the midpoint of the interval connecting the center of the balls. We change variables 
^ = S,o + Sr] where 6 = 2^ X~^^'^. Then a short computation shows that 

= e*(<^'««>+*<^te'))5^/,((5(2; + tV<l)iCo)),6^t) where = f{5-'^y)e'^~'^y'^°\ 

and the phase ^ is given by 

1 fi 

ip{v) = 2 Jq ^^"^^0 + sSr])7],ri)ds. 

The same consideration is applied to S'^g. Note that ^/^ is elliptic (with estimates uniform 
in ^0 and S) and the frequency supports of /* and g^ are now separated, independently of 
5, j and A. Thus we can apply Lemma 13.21 to obtain 

\\S''fSMLr'/^iR^.m) = S-^'^'^^^'^'^\^^^^^ 

<52d-4(d+l)/p^d(l-2/p)||^||^||^||^. 

As 6 = 2-' A^^/^ the assertion follows. □ 

We will also require the following lemma for when we have no frequency separation. 

Lemma 3.4. Let p ^ 1, let Q C [-1,1]'^ be a cube of side A~^/^, and let <j) G (^{N,A). 
Then for all f such that supp f C Q, 

\\Sfi-,t)\\LP(Md-^ < II/IIlp{R<*); 1*1 ^ A. 

Proof. Let be the center of the cube Q, and let x £ so that xiO = 1 fo^' ICI ^ V^- It 
suffices to show that xi^^^'^iC ~ Cs))^**'^''^^ is a Fourier multiplier of L^ for all \t\ ^ A, with 
bounds uniform in t. By modulation, translation and dilation invariance of the multiplier 
norm it suffices to check that h{-,t) defined by 

is a Fourier multiplier of L^, uniformly in \t\ ^ A. However this follows since d!^h{r],t) = 
0(1) for \t\ ^ A as one can easily check. □ 

Proof of Proposition \3.1[ By a partition of unity and a compactness argument it suffices 
to show that for every £ U there is a neighborhood Z^(^o) so that the statement of 
the theorem holds with x replaced by xo G Cq° supported in Z//(^o)- Now let Ti. be the 
(symmetric) positive definite squareroot of </>"(^o) and let 

V^(r?) = (0(^0 + eiH-'ri) - 0(^o) - {n-'v, V0(^o))) • 

Then it suffices to show that S"^ (defined with the amplitude xi^o + ^iH^^^r])) satisfies 
the asserted estimates, with a dependence on ei. If ei is chosen sufficiently small then we 
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have reduced matters to a phase function in <I>eu(e, A^, yl) with parameters for which Tao's 
theorem and therefore Lemma 13.31 apphes. 

We now return to our original notation and work with a phase function (j) but assume 
now that (f) € $eii(£) we may also assume that the amplitude function x is smooth 
and supported in [—{2d)^^^,{2d)^^^]^'^. We make a decomposition of the product SfSg 
in terms of bilinear operators, localizing the frequency variables in terms of nearness to the 
diagonal in r/)-space; this is similar to arguments in [13], [20j and [25j . 

Let xo be a radial C^{M.'^) function so that Xoi^) = 1 for ^ Sd^^'^ and so that supp xo 
is contained in {uj : \uj\ < 16d^^^}. Fix A > 1 and set 

eo(e,r/)=Xo(Ai/'(e-r?)) 

e,(e,r/) = xo(A^/'2-^(e - r/)) - xo{2X'^^2-^ - v)), j > 1, 
so that Oo is supported where |^ — ??| ^ 16(i^/^A^^/^ and, Qj is supported in the region 

We may then decompose 

SfSg = Y.B,[f,g] 

where 

Only values of j ^ with 2^ ^ A^/^ will be relevant, as otherwise Bj is identically zero. We 
will prove the estimate 

(3.5) llRJf .111 <J^ ^^^Il/llpll5llp, d+i <P^*> 



blip, 4<p<oo, 



and use this to bound 

1 /2 

\\Sf\\LP{R''x[0,X]) = \\iSff\\]^p/2^f,dy,[0,X])^{ J2 ll^i[/'/]llp/2) , 

0^j^log2(AV2) 

and then sum a geometric series. 

In order to prove p.Sp . we decompose Bj into pieces on which we may apply Lemma [3^ 
Let 1? e C^{R'^) a function supported in [-3/5,3/5]'^, equal to 1 on [-2/5,2/5]"^, and 
satisfying 

^^(e-n) = l 
for all 4 G W^. For j ^ 0, n G Z'^, define 

and, for (n, n') G Z'' x Z'^, 

Observe that I3j,n,(3j,n' are supported in cubes Qj^n, Qj,n' which have sidelengths slightly 
larger than A^^/^2-', and that are centered at the points ^j,n = A~^/^2% and £,j^n' = 
\-^/'^2^n', respectively. 
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Now let 

Ao = {(n, n') e Z'^ X Z'^ : \n - n'\ ^ I8d^^^ }, 
A = {(n,n') er^xZ'^ : 2d^/^ ^ \n - n'\ ^ I8d^/^ }. 

Then if t?o,n.n' is not identically zero then we necessarily have (n, n') S Aq and if, for j ^ 1 
the function '&j^n,n> is not identically zero then we necessarily have {n,n') G A. These 
statements follow by the definitions of our cutoff functions. Moreover, 

dist(Qj- n, Qj^n') < 18^^/22^ A"^/2 if (n, n) G Aq, 

and 

2-1^1/22^^-1/2 ^ dist(Qj-„,Qj-„') ^ 18di/22JA-i/2 if j ^ 1 and (n,n') G A. 

For the application of Lemma [3. 3 1 it is convenient to eliminate the cutoff Qj but still keep 
the separation of the supports of Pj^n and Pj^n'- Set, for j ^ 1, 

^ ' n.n'GA 

and define ;Bo[/)9] similarly by letting the {n,n') sum run over Aq. The reduction of the 
estimate for Bj to the estimate for Bj is straightforward; by an averaging argument. Indeed, 
let xi = Xo ~ Xo(2 • ) and use the Fourier inversion formula 

e,(e,r/) = J^I Xiiy)e'^"'"''"^^-'''^^dy, j ^ 1; 

then 

Bj[f,9] = j Xi{y)Sj[f-y,gy]dy 

where f-y{x) = f{x + X^^'^2^^y) and gy{x) = g{x — X^^'^2^^y). A similar formula holds for 
j = 0, only then xi is replaced with xo- Thus in order to finish the argument it is enough 
to show that [/, 5] ||p/2 is dominated by the right hand side of (|3.5p . 

Define convolution operators Pj^n by Pj,nf = Pj,nf- Note that for fixed j, each ^ is 
contained in only a bounded number of the sets Qj,n + Qj,n'- This implies, by interpolation 
of ^2(^2) ^^^Yi trivial £^{L^) or £°°{L°°) bounds that, for j ^l,p^2, 

(3.6) ||^j[/,5]||ip/2(]Rdx[o,A]) 

< max{l,(Ai/22-^y(i-^/P)} ( ll^^:/',"/ ^^.,"'5irL5^(M<^x[o,A])) 

n,n'eA 

The analogous formula for j = holds if we replace A by Aq. Notice that for all j, 
(3.7) 

n 

Now if J = we use Lemma 13.41 to estimate 

\\SPo,nf{-,t)SPo^n'gi-,t)\\^p/2^j^d) < \\SPo,nf{-,t)\\p\\SPoyg{-,t)\\p 

^ ||-Po,n/||p||-Po,n'5'llp; 
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hence, after integrating in t, 

< max{l, A'^d/^-^/.) }^2/p ^ J2 ||Po.n/|lrt ( E H^o.n'/^ll^) 



The asserted bound for j = follows from (|3.7|) . 

d+1 



Next for j > we use Lemma \'6.'6\ and thus the assumption p > 2 + -i^-r , and estimate 



Therefore by (13. 6p 



Lp/2(Rdx[0,A]) 



< max{l, (AV22-^y(i-^/-)}2^^(i-^)A^/-( ||P,,„,/||^) ( ^ ||P,,„'5ll 

n n' 

and again the asserted bound for 5]||p/2 follows from (j3.7p . □ 

4. Estimates for 

We now prove the endpoint estimates of Theorems 11.11 and ll.2[ First we remark that by 
various scaling and symmetry arguments we may assume that / = [0, 1]. 

Consider xoiX £ C'o°(I^) supported in (—2,2) and (1/2,2), respectively, such that 

We define the operators = by 

ro7rTt)(0 = xo(iei)e**i«i"/(0, 

Tiji^m) = X(2^'^|e|)e**l«l7(0, k ^ 1, 

so that f/f = Efc>o ^fc 

Our main result is the following inequality for vector-valued functions {/fcl^Lo ^ P'{L'^)- 

Theorem 4.1. Let p G (2 + oo), aj^l,d=lora>l,d^2 and j3 = ad{\ - |) - f • 
Then 



(4.1) ||E(/i2-"'w,<)i'*)"l <(EiiAii? 



1/p 



The proof will be given in ^ We now discuss the implications to Theorem 11.11 and 11.21 
in fact strengthened versions involving Triebel-Lizorkin spaces Fa^q and Besov spaces B^^q- 
Here the norms on these spaces are given by the U'{1'^) and &{U') norms (resp.) of 
the sequence {2'^"-Lfc/}fcLo' with the usual inhomogeneous dyadic frequency composition 
/ = X]fc>o-^fc- See ^26j. The following corollary is an immediate consequence of Theorem 
14. H by Minkowski's inequality and Fubini's theorem. 
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Corollary 4.2. Let p, a, fi he as in Theorem \4.1\ Then 

i/p 



~ \\J \\B- 



This implies Theorem 11.21 since for p ^ 2 the space B^r. = Fn „ contains the Sobolev 
space = Fp2i via the embedding £^ 1^ followed by the Littlewood-Paley inequality, 
and by the same reasoning Fq-^ is imbedded in = -Fq 2- We remark that a similar sharp 
inequality for the wave equation is proved in [IB], in sufficiently high dimensions. 

Another consequence of Theorem 14.11 is 

Corollary 4.3. Let p, a, he as in Theorem \4-i\ Let t ^){t) he smooth and compactly 
supported. Then 

(4.2) ||^(-)f^M5|Lp ™, . < MBKjm^ 7 = «d(l/2 - 1/p). 



LP 



Theorem [LT] is an immediate consequence of Corollary 14.31 since the Besov space 

is continuously embedded in the space of continuous bounded functions which vanish 
at infinity. 

To see how Corollary 14.31 follows from Theorem 14. II we introduce dyadic frequency cutoffs 
in the t variable. We decompose the identity as / = Ylj=o^j where Cjf{T) = Xj{T)fiT) 
where Xj = x(2~''| • |) for j ^ 1, with a suitable x ^ supported in (1/2,2) and xo is 
smooth and vanishes for |r| ^ 2. Now we apply Lj to "dTj-g. If 2^~'^^ ^ (2^^*^, 2^'^), then we 
apply an integration by parts in s to terms of the form 



x(2-^|T|)x(2-^|e|)?(e)e^""'^^+*"^ j me''^\^\"-^^dsdidT. 

One finds that for this range the contribution of Cj [dTko] is negligible; namely 

( I [ \£,j[mg]{x,s)\Pdxdsy^'' <CNUim{2~"'^'',2-^^}\\g\\, if 2^-"'^ ^ (2-1°, 2^°). 

Thus a localization in ^ where |^| ~ 2^^ corresponds to a localization in r where |r| ~ 2'^". 
We combine this with Theorem 14 . 1 1 applied to = 2'^^+*^/p.7^~^ [x(2^*^| • 1)^] and obtain 



IP 

LPiRd) - \^ " '^LP 



which is (14.2 



5. Proof of Theorem 14.11 
The localization of the multiplier near the origin Tq is easily handled as 

\\^-'[xo(\-\)e''\-n\\L^^C 

uniformly for t G [0, 1]. To see this, since J^~^[xoi\ ■ I)] ^ it suffices to show that for 4> 
supported in (1/2,2), the L^ norm of J^-^[xo(e**l'l" - 1)</'(2^| • |)] is 0(2"'^'=) for k ^ 0. But 
by scaling this follows from showing that the L^ norm of J^^^[xo{2~^ ■){e^^'^ " ' — 1)0(1 • |)] 
is 0(2""*"') which follows from the standard Bernstein criterion. 
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Now, by scaling and Proposition 13.11 with A 
^{0 — have already proven the estimates 
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2"'=, U = : 1/2 < \C\ < 2} and 



(5.1) 



a 
P 



for fc > and p>2+ ^ 



d+l • 



It suffices thus to show that if (j5.ip holds for all A; > and all p > q, then (14. ip holds for 



all p G (g, oo). Due to our restriction on (j5.ip we let (7 = 2 + and fix 2 + 



d+l 



< r < p. 



We can make the additional assumption that the k sum on the left hand side is extended 
over a finite set (with the constant in the inequality independent of this assumption); the 
general case then follows by the monotone convergence theorem. 

For later reference we state a Sobolev inequality which is proved linking frequency de- 
compositions in ^ and r and Young's inequality (just as in the argument used in ^ to 
deduce Corollarv 14.31 from Theorem 14. ip . Namely 



(5.2) 



holds for r ^ p ^ 00 (including the endpoint). Alternatively one can also apply the 
fundamental theorem of calculus to |Tfc/(x,-)|'" (see e.g. [23]) to get ()5.2p for p = 00 and 
the general inequality follows by convexity. 

The main ingredient in the proof of (|4.ip (besides (|5.ip l will be the Fefferman-Stein 
sharp function pjj and their inequality 

\\F\\p<\\F#\\p, 

where p £ (1,cxd) and a priori F £ . We apply this to Yl,k>o'^~^^^'^'^\\'Fkfk{x,-)\\L'P[Q,i] 
and by (jS.ip this function is a priori in as the sum in k is assumed to be finite. Thus 
it will suffice to prove that 



sup 



dy 



is dominated by C{Y2j.yQ ||/fc||p)^^^. Here the supremum is taken over all cubes containing 
X, and the slashed integral denotes the average \Q\~^ Jq- By the triangle inequality the 
previous bound follows from 

sup / / 2-'^'^P'>\\nfk{yr)-T,h{z,-)\y^io,i]dzdy < ( IIMI^ 

Denoting the sidelength of Q by £(Q), we observe that, by Minkowski's inequality, this 
would follow from the inequalities 

i/p 



(5.3) sup/ /2-'^(^)m/,(y,-)-Tfc/fc(z,-)||Lno,i]'^^^y 



(5.4) 

and 

(5.5) 



sup / 2-'='3(rt||T,/,(y,.)||^.[,^ydy < [Y 



2'=£(Q)>2"'= 



k 

1/p 



sup I Y 2-'^/^(rt||r,/,(y,.)||^pp,l]^y 



< 



YwfkWl 
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First we handle (|5.3p and ()5.4p by standard estimates and then prove the more interesting 
inequality (jS.Sh . 



Proof of (j5.3p . It is enough to consider cubes Q of diameter ~ 2^ with x,y,z £ Q and 
j + k ^ 0. Let Hk = J^^^[x{2~''\ ■ |)], where x is smooth, equal to one on (1/2,2), and 
supported in (1/3, 3). Then 

Ivff.(«.)l < ^'■jTT¥Mr 

with large ^ lOd. Thus 

Tkfkiy, t) - Tkfk{z, t) = Hkiy -w) - Hk{z - w) Tkfkiw, t)dw 



{y - z), VHk{z + s{y - z) - w)Tkfk{w, t)) ds dw 
Tkfkiw, t)\dw. 





which is controlled by a constant multiple of 

2kd 



23 +k 



[1 + 2'' 



X — wl 



Thus, using the embedding iP ^ 11.°° , the right hand side of (j5.3p is bounded by 

2kd 



^1 E IK' /a 



j 0<k^~j 



+ 2*^1 • -w\) 



N 



< 



2-(n+j)id-l3{p)) 



(1 + 2-("+J')| 



-W\ 



2-'"'(P^\Tkfkiw,-)\dw 



\T_t^ri+j)f-{n+j){w,-)\dw 



LP(R''x[0,l]) 



1/p 



1/p 



<^2- U; ||2("+^-)/^(-)T_(„^,)/_(„^,)| 



LP{R<'x[0,l]) 



n>0 



By ()5.ip the last expression is dominated by a constant times 



E2-"( E II/- 

n^O i<— ^^ 



MP 

("+i)llp 



1/p 



< 



p 

\ / ^ II J lip 

A; 



1/p 



and (j5.3p is proved. 

Proof of (|5.4p . For a fixed t, the operator has convolution kernel -fC^ given by 



tkd 



mx) 



(27r)^ 



Let C(q) = 1 if q G (0, 1) and let C{a) = q2"~^ if a G (1, oo), and define 

^k{a)={x : \x\ ^ 4C7(q)2'^(°-i)}. 
Integration by parts yields favorable bounds in the complement of this ball. Observe that 
|V5(2'=(x,0 + 2"'=t|Cr)| ^Ca2^\x\ iixi^kia), tG [0,1], 

and we obtain 

(5.6) \KI{x)\^Cn2'"^{1 + 2^\x\)-^ iixi^kia), te[0,l]. 

Consequently the main contribution of K^{x) comes when \x\ ^ AC {a)2^^'^~^\ 
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We prove the estimate (j5.4p by interpolation between 

sup/ Yl ^~'^^'^\\Tkfk{yr)\\moA]dy <sup||/. 



2'=^(Q)>2«'= 



and 



sup/ 2-'='3(^')||r,A(y,.)kno,i]rfy <(E 



l/r 

/fcllr) ) 



Now, as > /9(?-) + a(i-i), the L*" bound is proven by applying Holder in k, followed 



where 2 + < r < p 

Now, as I3{p) > 
by the inequality 

llsup / (5:2-K/^(^H"(^i))ir,A(y,.)|l2. 

xeQ Jo * 



l/r 



fiir 
fcllr 



l/r 



This is a consequence of the L''-boundedness of the Hardy-Littlewood maximal operator, 
the interchange of the spatial integral and the sum, an application of (15. 2p . followed by 
Fubini and the estimate (15. ip (for the admissible exponent r>2 + 4/((i+l)). 

To prove the bound, we let Q* be a cube with the same center as Q satisfying 
i{Q*) = WdC{a)£{Q). By Minkowski's inequality it will suffice to prove that 

(5.7) / 2-^^^'^||r,[/,XQ.](2/, ■)\\Lno,i]dy < sup IIMU 



2fef(Q)>2"'= 



and 



(5.8) / Y 2-'^(^)||Tfc[AxM.\Q,](y,.)||iP[o,i]^y ^ ^^pIIM 

uniformly in Q. 

To prove ()5.7p , again we apply Holder a number of times and (15. 2|) ; 

/ 5]2-'=^(^')||r,[/,XQ.](y,-)llL?[o,i]rf2/ 

k 

<sup|gri/'-2-W(^ I \\n[hXQ*]{y,-WLr[o,i]dyy^ 
<sup\Q\-'/'-(^J IfkXQ-rdxY^'' <snp\\h\U 
where the third inequality holds again by the version of ()5.ip . 



l/r 
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For (|5.8p . we note that as i{Q) > 2'^^" ^\ and the function is supported in the comple- 
ment of Q* we can use the rapid decay in formula (j5.6p . We have that 



2'=£(Q)>2"fc 



/ Yl 2-^/^(^)||r,[AxM.\Q.](y, ■)\\mo,i]dy 

\fk{z)\dz 



^sup 

k 



^sup 

k 



2kd 



dy 



\2d 



\fk{z)\dz 



< 



sup||/fe 



jr 1 1 J fe 1 1 OO • 

oo k 



[l + 2^\ ■ -z\ 
This concludes the proof of (|5.4p 

Proof of (USD. We let Cj{x) = {d2^)-'^ if |x| ^ d2^ and Cj(2;) = if jx] d2K Replacing 
cubes by dyadic balls we see that (|5.5p follows from 

(5.9) ^ ^ ... ./^„„„.xVp 



supO* 2-^^^'^||T,/,||^.[o,i] EII/^ 



fc+i>o 



Now, for fixed k we cover R*^ by a grid 7?.^ ^ consisting of cubes of sidelength 2^^°' ^) . For 
each R E 7^^"^ let R* be the cube with same center as R and sidelength C(a)2'^("~^)+^°'^ 
where C(a) is as in the proof of (15. 4p 

For R E 7^^~^ we let = Xfl/fc- We may then split the left hand side of ^M) as I + 11 
where 



sup 

i 



fc+j>0 



and /I is the analogous expression where XR* is replaced with Xr<^\_r* • 

By Hardy-Littlewood, Minkowski, Fubini, (j5.6p . and Young's inequality, we dominate 



^^^E2- 



fc/3(p) 



A:>0 



LP(R'*x[0,l]) 



< 



A:>0 



-fc/3(p) 



(l + 2'=|x-y|) 



2d 



E \fk{y)\dy 



dxdt 



i/p 



<Y.^-''^'l E /^''^ <-piiMi.< E 



Rent 



Concerning the main term / we use the imbedding 
integral, and apply Minkowski's inequality, so that 



i/p 



interchange a sum and an 



^^(E||o*[ E ^-''^'^ E x«.iiT./,«ii.no,i] 



k+j>Q 



P \1/P 
a) 



Now for R E 7^^^^ , R* has sidelength greater than 2^ , so for fixed k the functions * XR* 
have bounded overlap, uniformly in k. Setting n = k + j > and applying Minkowski's 
inequality, we get 

n>0 
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where 



Cj * \\Tn-jfn-j\\LP[0,l] 



i/p 



As before choose r so that 2 + < r < p. It will suffice to show that 
(5.10) ' ..-wa-i./^ .xVp 



Observe that by Young's inequality the convolution with ("j maps L 
operator norm 0(2^^'^^^^'^^^^^'^). Moreover by (15. 2p we have 



to LP(M'^) with 



I'^n-jfn-jWl'^ [0,1] 



'^n-jfn-jWmO,!] 



Thus we can bound 



-("-i)/3(p)p 



R MP 

illL''(IR'*x[0,l]) 



which, by ()5.ip . is 



<(^2- 



-j<i(i-i)P2("-i)«(?-^)P9-("-i)/3(p)p 



^ 2("-^)^(''>||/^_^.||^V. 



Since fn-j is supported on the cube R of size 2("--')("-i)'^ we see by Holder's inequality 
that the last displayed expression is dominated by a constant times 



Now this simplifies, after summation in R, to 



1/p 



This finishes the proof of ()5.10p and thereby (|5.5p and concludes the proof of Theorem 14.11 

□ 
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